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ABSTRACT

Although the edge response of nonlinear filters has been the topic of much research, the behavior of many
filters & two-dimensond sructures such as sharp corners is not as well understood. We introduce a new
technique that defines the response of a two-dimensond filter a corners of any angle. The response measure
may be expressed either as fractiona preservation or as an atenuation in decibels. Plotting the response measure
in polar form illustrates the corner response of afilter both intuitively and quantitatively. The corner response may
be computed for a particular Size and shape of filter window on a discrete lattice, or may be determined in
continuous space for a filter with a specific window shape. The continuous space response measure gives the
regponse of the filter to cornersin generd, and usualy corresponds closdy with that determined for the filter on a
discrete lattice. The corner responses of several widdy used filters (median, averaging, and morphological) are
compared.

1. INTRODUCTION

The response of one- and two-dimensiond filters to edges has been a topic of much research [1-3]. The
edge response of nonlinear filters such as the median filter is one of the primary reasons such filters have become
important in signa and image processing gpplications. However, the edge response of afilter tells us little about
its response to two-dimensiond structures such as corners. For example, the median filter is noted for its exact
preservation of edges and dimination of impulsive noise, but it noticesbly rounds off sharp corners. We have
developed a technique to measure the degree of preservation of corners of al angles by a filter with a given
window shape. This technique may be applied to discrete filter windows acting on digital images, or may be used
to derive theoretical results in continuous space that yield more genera information about filters and window
shapes. These corner responses may then be used to help select an appropriate filter for a particular image
processing application. The corner responses may aso be derived for corners oriented at any angle reative to
the Cartesan image axes.

2. TECHNIQUE

2.1. Fractional Corner Preservation

A corner of angle q is defined in 2-D space at the origin of the xy plane, as shown in Fig. 1, rotated with
respect to the x-axisby an anglea. The origind image, f(X,y) of the corner conssts of only two vaues; in Fig. 1,
white is assumed to be 0 and black to be 1. We will assume g takeson vauesintherange-p <q£ p. The
regions |, 11, 111, and IV in Fg. 1 are each the Sze of the smalest square that the overdl filter window will fit in.
The total area of the corner defined by g and a is defined by the area within the angle q that is aso within regions
[, I1, I, or IV. Thusin Fig. 1, the tota corner area, A, is the black area indgde region I. Since f(x,y) =1
everywherein A,

of(x.y) = A.
A @
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Filtering usualy changes parts of the corner from black (1) to gray or white (vaues less than 1). Thisis
illustrated in Fig. 2. If g(X,y) denotes the filtered image, then we define the preserved corner area P as.

P= 09(x.y).
A %)

For the median filter and other filters that do not return intermediate vaues for a bi-vaued input, P isthe area
of A that the filter preserves as black (pixel vaue 1). For filters that do yidd intermediate vaues, such as the
averaging and other linear filters, P corresponds to the relative amplitude preservation of the corner only in the
area defined by the origina corner.

The fractiond preservation of a corner of angle g oriented at an angle a with respect to the x-axis, denoted
r(q,a), isdefined as.

_P
(@.a) = . -

The response of afilter to corners of dl angles a a particular orientation a istherefore only afunction of the
angle g, r(g). Note that r(q) ranges in value from 1 (perfect corner preservation) to O (complete remova of the
corner in the region of interest).

2.2. Attenuation
The fractional preservation can aso be expressed as an attenuation in decibds, Smilar to the usua description
of the response of an dectricd filter. The corner attenuation in dB, (g,a), is defined as.

s(q,a) =20log| r(g,a) ] =20 log (%) ' (4)

From this definition, gg,a) =0dB corresponds to perfect corner preservation, and s(g,a) =-3dB
corresponds to an average fractional corner preservation of - (that is, about 71% of the area is preserved

intact, or the entire areais preserved at about 71% amplitude).

2.3. Continuous or Discrete Space

The responses r(g,a) and s(g,a) may be determined either for discrete filters acting on a discrete lattice (that
is, X and y are integers) or for continuous filters in continuous space (x and y arered). In the discrete case, each
point (X,y) in the lattice corresponds to an anglef that isthe arctangent of (¥/y), and the total corner area A of an
angle g a orientation a (asin Fig. 1) is assumed to be dl points (x,y) in the regions |, 11, Il and IV where
a=f =(a+0q).

For continuous space, equations (1)—(3) apply directly, but the filters must be defined in continuous space.
Many filters, such as the averaging and morphologicd filters, are easily defined in continuous space; others, such
as the median filter, have a dightly more subtle generdization [4]. We have found that the response of a discrete
filter istypicaly very amilar to that of its corresponding continuous filter, especidly for large window szes. Very
large discrete windows give a numerica gpproximation of the continuous space integrals in equations (1) and (2).

3. EXAMPLES

We can use the corner response functions r(g,a) and s(g,a) to illustrate the behavior of various linear and
nonlinear filters a corners. For many filters, such as the averaging and median filter, closed form solutions for
r(g,a) and 5(g,a) are difficult to derive, even for a=0. However, valuesof r and sat particular valuesof g and a



often are readily found, such as q = 45°, 90°, 135°, and 180°. These values can be compared with the results of
discrete smulaions with large window sizesto verify the accuracy of the numerica gpproximetion.

3.1. Response of Morphologica Filters

It iseasier to solver(g,a) and §(g,a) for the filtering operations of mathematica morphology. Thisis because
the morphological filters are geometrical operations, and therefore their response can usualy be determined by the
interaction of the filter window shape with the corner. Morphologicd eroson is smply a diding minimum
operator acting on an image with a filter window, cdled a “dructuring dement.” Morphologicd dilation is a
diding maximum operator. For binary images, the eroson of an image has vaues of one only in aress of the
origind image where the sructuring element fits entirdy within aregion o ones. The dilation of abinary imageis
similar, except that it only has zeroesin areas of the original for which the structuring dement fits completely within
a zero region.  The compound morphological operators open and close are, respectively, erosion followed by
dilation and dilation followed by eroson. The doubly compound operations are open-close (OC), which is
opening followed by closing, and close-open (CO), which is closing followed by opening

Maragos and Schafer [5] have shown that to compare the compound morphologlcd operations to other
filters, paticulaly the median filter, the overdl filter window is found by compounding the morphologicd
sructuring eement with its 180° rotation. This makes sense because opening and closing draw their potentiad
output vaues from this area, Snce these operations make two passes with the structuring dement.  Between
passes, there is 180° rotation of the structuring dement, which is usualy ignored since most structuring ements
are symmetric about the origin. For example, a 3x 3 structuring dement compounded with itsef results in a
5x5 square overdl filter window. In continuous space, a square structuring dement with sides of length |
compounds to a square with sdes of length 4. The regions of interest (1, 11, I1l, and 1V) asin Fig. 1 are the
smallest squares in which the overal window (the compounded structuring eement) will fit.

Congder the case of a square structuring element of arbitrary size. In continuous space, the fractiona corner
preservation for the morphologicad cosing is unity for dl g and a; thet is, r(g,a) = 1. The corner atenuation is
therefore 5(g,a) = O for dl angles q and rotations a. We derive this result by noting that even for the sharpest
corners, the square dilation expands them so that the subsequent erosion returns them to their origind shape.

However, morphologica opening does tend to clip off sharp corners because its first operation is erosion.
Opening preserves high vaues only a pixels where an entire structuring dement including that pixd is filled with
high vaues. By smple geometry, closed form solutions for r(g,a) and s(g,a) may be obtained for opening. For
a=0and g< tarr1(0 5), roughly 27°, the square structuring eement does not fit even partidly within both the
corner and region I, o r(g) = 0. (Recdl that for opening, the structuring eement is compounded to form the
overal window. Thera‘ora the sructuring element is haf as wide and hdf as tdl as region I.) The complete
expression for r(g,a) when a = 0 for opening with a square structuring dement is:

_ 1f 1
ropm(q,O)— 0, 0£|ql| <tan (2)
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As expected, opening with a square structuring element perfectly preserves dl obtuse and right angles when
a=0.

The doubly compound operation close-open (CO) has exactly the same fractiona corner preservation as
opening, since the result of the first operation (clogng) is the same as the origina corner image for any g and a.



Smilarly, open-closing (OC) has the same r(g,a) as opening and CO because the second operation (closing)
does not dter the result of the first operation (opening) in the case of a Smple binary corner. Therefore, the
fractiona corner preservation in equation (5) is vdid for opening, OC, and CO.

Although opening, OC, and CO dl have the same corner preservetion characteritics according to this
method, there may be other criteria that are important when deciding which filter to use in a particular Stuation.
For ingtance, OC and CO typicaly provide more noise smoothing than opening or closing aone, and introduce
less bias to the image. However, OC and CO are till biased with respect to the median [6]. To overcome this
bias problem, averaging the corresponding morphologica operators has been suggested [7-9]. The average of
OC and CO is cdled the LOCO filter, and the average of opening and closing is known as the pseudomedian
filter [10]. Since the outputs of OC and CO are identica for the origind corner images, the LOCO filter has the
same response as them, as given in equation (5). However, the pseudomedian filter is the average of two
different outputs, and since these outputs are binary, the fractiond corner preservation of the pseudomedian filter

isgiven by:

1
omed @) =3 (1+ fopen(@:2))- (6)

3.2 Response of the Median Filter

The fractiond preservation for the median filter was determined numericdly (in discrete space), usng a
63 x 63 square filter window. The response of the median filter can be determined in continuous space for certain
g and a, and these numbers may be used to check the smulation to see how close to the continuous case it is.
Some of the known vaues of the median filter fractiond preservation with a = 0 are given below. These vaues
match those of the 63 x 63 smulation very well.

_ a1
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3.3. Comparison of Morphologica and Median Filter Responses

Fig. 3 is a plot of the fractiond corner preservation of the opening, OC, CO, and LOCO operations
compared with that of the pseudomedian and median filters for square structuring eements (filter windows). The
functions are plotted in polar coordinates to give avisud indication of the angles of cornersthat are preserved and
those that are destroyed. All curves in the figure are for a =0 and -p < q= p. Note that for every angle
g > tar(0.5), the LOCO filter preserves more of the corner than the median filter. The median filter does not
preserve any corner exactly except the null case of g = p (180°), where the corner becomes astraight edge. The
square LOCO filter, on the other hand, perfectly preserves cornerswith g = P/, (90°) when a = 0.

Fg. 5 is another illugtration of the same information. In this case, the attenuation of the corner is plotted in
rectangular coordinates, with the angle of the corner (in degrees) as the xaxis and the attenuation §q,0) in
decibels as the yaxis Thisway of plotting the information puts it in a form smilar to those used for eectricd
filters, and by andogy one may define a “passband” and a “stopband” for the filters. For example, if we define
the corner “passhand” of afilter as the region where the attenuation is between 0 and -3 dB, the “passband” of
the LOCO filter is gpproximately q = 43°. The median filter's “passhand,” in contrast, begins at about q = 48°.
If we define the corner “stopband” to be where the atenuation is greater than -10.67 dB, then the * stopband” of
the LOCO filter runs from 0 to about 30°, whereas for the median filter it runs from O to roughly 31°. The
LOCO filter therefore has a wider “passhand” and a sharper cutoff than the median filter, while the two filters




have gpproximately the same “stopband.” The pseudomedian filter has a “passhand” of gpproximatdy q = 34°,
but does not have a “stopband” according to the definition given above, Snce its maximum attenuation is -6 dB.
We can see from this analysis that these filters are andogous to low pass filters, because they “pass’ corners with
angles above a certain vaue (the “cutoff” angle) and “stop” corners sharper than a given angle (which one may
consder as having higher frequencies than more obtuse angles).

3.4. Effect of Filter Window Shape

Different window shapes may be used to improve the response of filters to corners. For ingtance, a plus-
shaped window is often used with the median filter when one wishes to preserve 90° corners digned with the
lattice @ =0). Fig. 4 illustrates the corner response of the plus-shaped median filter compared to the square-
shaped median filter. A closed form solution for this corner response, rosm(Q,0), may be derived by geometry in
continuous space, and is shown in the equation below. (Note that in conﬁ nuous space a plus- shaped window has
infinitely thin “arms,” but the amount of the window that must be covered by 1's to result in an output of 1 is il

eadly determined.)
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Fg. 6 shows the attenuation of the plus-shaped median filter in decibels. Its*“passband” (as defined above) is
corners with angles greater than about 29°, while its “stopband”’ is only 0 to 4°. The plus-shaped median filter
therefore preserves corners significantly better than the square-shaped median filter, but its cutoff is not nearly as
sharp, and it does not completely remove even very acute corners. This may sometimes be an advantage, snce
the plus-shaped median filter does preserve straight, thin lines digned with ether of its axes.

Morphologicd filters are very sendtive to structuring dement shape.  Square structuring eements are used
widdy and are very good a preserving obtuse corners, but the sharp 90° corners of the structuring element can
sometimes create a “darstep’ effect a edges in noisy images. Therefore, circular structuring dements are
sometimes used. A closed-form solution for the corner response of opening, OC, CO, and the LOCO filter for a
circle gructuring element in continuous space can be found using geometry. However, the form of the solution is
difficult, especidly in the few degrees just above the angle where it exhibits complete cutoff. The tractable
portions of the response ropen(q,0) are:
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The fractiond preservation of the LOCO filter (and opening, OC, and CO) with a round structuring € ement
Is compared to that with a square structuring dement in Fg. 7. Vdues for the 6° of angle missng in equation (9)
were gpproximated by interpolation and verified by a discrete smulation. The circular structuring element
preserves more acute corners than the square eement, but does not perfectly preserve obtuse and right angles.
Its “passhand” is roughly q > 37°, and “stopband” approximately q < 27°. Therefore, the trandtion band of only
about 10° for the LOCO filter with around structuring element is smdler than the trangtion bands for the LOCO
and median filters with square windows.

3.5. Effect of Corner Orientation Angle

Another factor that can affect the corner response of afilter is the orientation angle of the corner with respect
to the filter window, a. For some filters, such as the plus-shagped median filter, thisis a very important factor,
wheress for others, such as the circular LOCO filter, it is virtudly inggnificant. Typicdly, a corner orientation
angleof a = 45° produces the greatest difference in the filter response from the a = O response. The difference
between the response of the square median filter & a =0 and a =45° is shown in Fig. 8. Mog of the
differences are very minor, and the “passband” and “stopband” are virtualy unchanged. The a = 45° response
was smulated the same way asthea = 0 response, with a 63 x 63 square window on a discrete lattice.

The LOCO filter (and opening, OC, and CO) shows a little more dependence on a than the median filter, as
expected because of the importance of structuring element shape in morphological filtering. Fg. 9 illugtrates the
change in the response of the LOCO filter with a square structuring element when a changes from 0to 45°. The
trangtion and stop bands are very smilar, but the “passband” of the LOCO filter shows sgnificantly less
preservation in the region 45° < g < 135° for a =45°. The “passband’ of the LOCO filter & a =45° is
goproximately g = 44°, while the “stopband” is about g = 32°; both bands are within about 1° of the LOCO filter
bandswitha = 0.

The plus-shaped median filter shows even more extreme changes in its response when the orientation angle
changes from 0 to 45°. (At a = 45°, the plus-shaped median is bascaly equivaent to a*“cross-shaped” or “ X -
shaped” median a a =0.) At a =45° the plus-shaped median preserves less of the corner a nearly every
angle, as shown in Fig. 10. The fractiond preservation for a = 45° was determined numericaly usng a 25 x 25
window on a discrete latice. The perfect preservation band for this filter changes from q=90° at a =0 to
q=135° a a =45° jus as for the LOCO filter. The “passband”’ for the plus-shaped median a a = 45° is
about g = 31°, and the “stopband” is roughly g =19°. The “passband’ is smilar, but the “stopband” is much
wider than that of the plus-shgped median filter with a = 0. The transition band has shrunk to about 12°.




3.6. Summary of Examples

Comparisons of four different filtersat @ = 0 and at a = 45° are shown in Figs. 11 and 12, respectively. The
four filters are the square-shaped median, LOCO, and averaging filter and the plus-shaped median filter.
Significant differences among the responses of these filters are easlly observed. Using the “passhand” and
“giopband” definitions given earlier in the paper, we summearize the corner response information in Table I. The
“perfect rgjection” and “ perfect preservation” bands correspond to regions of qwherer(g,a) =0andr(g,a) =1
respectively.

Tablel. Comparison of Filter Corner Responses.

Perfect “ Stopband” Trandtion | “Passband’ Perfect
Rgection | s<-10.7dB Band $>-3dB | Preservation
Filter (r=0) (r<.293) Width (r>.707) (r=1)
(Shape) Rotation g= g= g= g=
Median a=0 27° 31° 17° 48° 180°
(Square) a = 45° 19° 27° 22° 49° 180°
LOCO a=0 27° 31° 12° 43° 90°
(Square) a = 45° 27° 32° 12° 44° 135°
Averaging a=0 0" 24° 47° 71° —
(Square) a = 45° 0 17° 69° 86° —
Median a=0 — 4° 25° 29° 90°
(Plus) a=45° 14° 19° 12° 31° 135°

* r(q,0) ® 0asq® Ofortheaveraging filter, but not for the plus-shaped median filter.

From Table |, we see that the square-shaped LOCO filter has the sharpest trangtion between corner removal
and corner preservation at a = 0, and that its response changes the least when a changesto 45°. Thusit isthe
cdosest of these four filters to an “ided” filter that has no trandtion band. However, there are usudly many
consderations other than just the response at corners that one must take into account when selecting a two-
dimengond filter. For example, the degree of noise reduction offered by the filtersin Table | varies, and different
filters excd in different types of noise. Also, the corner response characteristics of opening, OC, CO and the
LOCO filter are dl identica, despite obvious visud differences among the results of the filters in red image
processing applications. Obvioudy, the corner responseis not a complete description of the behavior of afilter.

Although the corner response technique is a vauable analysis tool, it does not indicate how one could design
afilter with given corner response characteristics. The cutoff angles of filters vary with the angle of rotation a and
the shape of the filter, but usudly the cutoff angle cannot be dradticaly changed for a given filter. Also, the
fractiond preservation r(g,a) only indicates the amount of area preserved, not any change in the shape of that
area.  Some filters, especially the median and morphologica filters, achieve partid preservation of corners by
changing their shgpe: the median filter rounds off sharp corners, while morphologica operators tend to make
corners look more like their structuring eement. Thus a 45° corner filtered by morphologica open-closng with a
sguare structuring eement is 75% preserved [r(45°,0) = 0.75], but the result may look like a more obtuse angle
because this operation tends to clip corners to make them as close to right angles as possible.

Mosgt of the above results were given for the “ided” Situation of continuous space or for very large discrete
window szes. Since mogt image filters use rdaively smdl windows, it is important to see how the continuous
corner response curves relate to those derived for more redidtic filter szes. Fig. 13 shows the corner response of
a 5 x 5 sguare median filter compared to the 63 x 63 square result given earlier. Mogt of the differences between
these two responses are discretization effects; that is, there are only a rdativey smdl number of diginguishable
anglesin a5x 5 window. The overdl trends and shape of the response for smal windows are basicaly the same
asfor large windows or continuous space.



4. CONCLUSIONS

We have introduced a new technique for analyzing the behavior of two-dimensond filters a corners. This
technique quantifies a filter's preservation (or destruction) of corners of different angles and at different rotations.
The response of a filter to corners a different rotations indicates how invariant the filter response may be to
changes in the orientation of image features. Although there are many other factors usudly consdered when
sdecting a filter for a particular application, the corner response gives us vauable information that heps us
understand the behavior of both linear and nonlinear filters. We have aso shown that the square- shaped median
and morphologicd filters (opening, OC, CO, and LOCO) have a sharp transtion between corner preservation
and corner removal, and their response does not vary much with rotation. The responses of the plus-shaped
median and averaging filter vary much more with the rotation of the corner, and usudly have a wider trangtion
between corner preservation and remova.
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Fig. 1. Origind image of corner
with angleq at rotation a.

1 60°
0.8
0.6 30°
0.4
0.2 opéni ngj pseudomedjan
0 180 0
-150° -30°
-120° -60°
-90°

Fig. 3. Fractiona corner preservation r(q,0)
of morphologica opening, OC, CO, and
the LOCO filter compared to median and

pseudomedian filters (square filter windows).

Fig. 2. Example filtered image of corner.
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Fig. 4. Fractiona corner preservation r(qg,0)
of the plus-shaped median filter compared
to the square-shaped median filter.
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Fig. 5. Corner attenuation 5(g,0) of morphologica opening, OC, CO, and the LOCO
filter compared to median and pseudomedian filters (square filter windows).
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Fig. 6. Corner attenuation 5(q,0) of the plus-shaped median filter
compared to the square-shaped median filter.
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Fig. 7. Fractiona corner preservation r(g,0)
of the LOCO filter with acircular structuring
element compared to the LOCO filter with a
square structuring eement.
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Fig. 9. Comparison of fractiona corner
preservation for the square LOCO filter
at rotationsa = 0 and a= 45°.
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Fig. 8. Comparison of fractiona corner
preservation for the square median filter
a rotationsa = 0 and a=45°.
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Fig. 10. Comparison of fractional corner
reservation for the plus-shaped median
filter & rotationsa = 0 and a= 45°.
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Fig. 11. Comparison of fractiona corner
preservation of square-shaped median,
LOCO, and averaging filters and the

plus-shaped median filter at a = 0.
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Fig. 12. Comparison of fractional corner
preservation of square-shaped median,

LOCO, and averaging filters and the
plus-shaped median filter at a = 45°.
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Fig. 13. Comparison of fractional preservation
of square median filter determined with
63 x 63 and 5 x 5 sguare windows.



